Abstract. We describe how the Weinstein structure of the complement is modified when a positive divisor degenerates to a normal crossing divisor with no triple intersection.
Introduction
Let (X, J) be a complex manifold and L → X be a holomorphic line bundle. In complex geometry ( [8] ), L is positive if it admits a metric g such that the curvature ω ∈ H 1,1 (X) (with respect to the natural unique Hermitian connection ∇ g ) is a Kahler form. When X is a projective variety, positivity of L is equivalent to ampleness. A line bundle L is ample if some positive tensorial power L ⊗n is very ample, i.e. L ⊗n is generated by its holomorphic sections.
Let s ∈ H 0 (X, L) be a holomorphic section of L. The zero set D s := s −1 (0) of s is a divisor of complex codimension 1 in X. The complement W s := X\D s inherits a Weinstein structure (λ s , φ s ) from (L, g, s) (Definition 2.1):
The Weinstein structure (W s , λ s , φ s ) satisfies dλ s = ω. Notice that the 1-form λ blows up at D s although its exterior derivative ω extends to X. In fact, since J is integrable, this structure has a classical name in complex geometry world: Stein structure. It is important to stress that the Weinstein structure is an object in the symplectic world because the integrable complex structure is not part of the data.
The complement W s topologically depends on s. For those sections s whose zero sets D s are smooth divisors, W s are all diffeomorphic. In fact, the Weinstein structures (W s , λ s , φ s ) are all Weinstein homotopic (Definition 2.5).
Question: Suppose {s } ∈R is a family of sections of L such that D := D s is smooth except when = 0, D 0 is singular. How do we describe the modification of the Weinstein structure of W 0 in term of W ?
This paper studies the case D 0 is a normal crossing divisor with no triple intersection. By definition, a divisor is normal crossing if there exists local holomorphic coordinates (z 1 , ..., z n ) near each point p ∈ D 0 such that D 0 is given by the equation z 1 ...z k = 0 for some 1 ≤ k ≤ n. D 0 has no triple intersection if and only if k ≤ 2.
This research was funded by NSF grants DMS-1344991 and DMS-1205349. Remark 1.1. In symplectic topology, there are parallel notions of symplectic divisor and symplectic normal crossing divisor ( [5] , [9] ). Although we make some use of the integrable complex structure in the proof of the main result, there should be similar results.
In the case L is very ample, Bertini's theorem [8] guarantees the existence of {s } near s 0 . Without loss of generality, assume s = s 0 + h, where h ∈ H 0 (X, L). The singular set S of D 0 is a smooth complex codimension 2 submanifold. Let B be the base locus of the pencil generated by {s } and denoteS = S\(S ∩ B). The (imprecise) main result is the following (for precise statements, see Theorem 3.1 and Theorem 3.8). 
The complement W \i(W 0 ) is decomposed into elementary Weinstein cobordisms, whose critical points are corresponding to critical points ofS, with a shift of indices by 2. In the case the critical point in a cobordism has index dim C X, the (Lagrangian) unstable submanifold can be obtained from the fibration π := s 0 /h : X\h −1 (0) → C and the (Lagrangian) unstable submanifold of the corresponding critical point inS.
We depart to discuss an application of Theorem 1.2. There is a large class of Weinstein manifolds which appear from algebraic geometry: affine varieties. Given an affine variety W ⊂ C N , W inherits a Weinstein structure from the distance function φ(z) = |z| 2 . Hironaka's theorem implies that W can be compactified to a projective variety X by adding a normal crossing divisor D at infinity. Such compactification is generally very useful in computing symplectic invariants W , such as its symplectic homology.
Symplectic homology, originally defined and extended in [7] , [14] , [15] , is Hamiltonian-Floer theory applied to the non-compact setting. In the case of Weinstein manifold (W, λ, φ), roughly speaking, symplectic homology is the homology of a chain complex generated by critical points of φ (which record the topology of W ) and Reeb orbits of the contact manifold (∂W, λ| ∂W ). By choosing appropriate boundary ∂W of W , the compactification X = W ∪ D gives a nice description of the Reeb dynamics ∂W as follows. There exists an open subset U ⊂ ∂W such that ∂W \U is a circle bundle over the complement of a neighborhood of the singular set of S in D, whose circle fiber is a Reeb orbit of ∂W . The homology classes of the Reeb orbits in U can be written as linear combinations of the fibers in ∂W \U . The differential of the symplectic homology chain complex can then be computed via some energy or topological arguments or via reducing the solutions of Cauchy-Riemann equations to some holomorphic curve counts ( [6] , [11] 
• the vector field Z given by i Z ω = λ is complete and gradient-like for φ.
In the case φ has only finitely many critical points, (W, λ, φ) is said to be of finite type.
By an exhausting generalized Morse function, we mean it is a proper and bounded from below function. Moreover, its critical points are either nondegenerate or embryonic. The latter means that in a neighborhood of the critical point p with coordinates (x 1 , ..., x m ), φ = φ 0 is in the birth-death family:
The vector Z is gradient-like with respect φ if there is some Riemannian metric on W and a positive function δ : 
Given a Weinstein domain (W, λ, φ), we can attach a positive half of the symplectization (R + × ∂W, e r λ| ∂W , f (r)) (with an appropriate strictly increasing function f ) to obtain a Weinstein manifold. This is called the completion of W , also denoted by W . Any finite type Weinstein manifold is the completion of some Weinstein domain.
Our main source of examples comes from affine varieties. Recall that (W, φ t ) (with ∪ t∈[0,1] Crit(φ t ) is compact in W ) is a Morse homotopy if there exists a finite set A ⊂ (0, 1) such that for each t ∈ A, the function φ t has a unique birth-death type critical point such that it does not lie on any other critical levels. For t / ∈ A, φ t is Morse.
The Geometry of the complement
Recall the setting of our problem: there is a family of holomorphic sections s = s 0 + h such that the zero sets D are smooth except at = 0, where D 0 is a normal crossing divisor with no triple intersection.
Denote by B = {s 0 = h = 0} the base locus of this family. The restriction of φ tō S = S\(S ∩ B), where S ⊂ D 0 is the singular set of D 0 , is independent of up to constant addition. The differential dφ |S is thus independent of and we define Crit(S) := Crit(φ |S).
Assume Crit(S) is a discrete set. Theorem 3.1. Up to homotopy of Weinstein structures, there is a Weinstein embedding of
For > 0 sufficiently small, there is a natural bijection between the set of critical points of φ in the complement W \i(W 0 ) and Crit(S). Moreover, the index of a critical point equals the index of the corresponding element in Crit(S) plus 2.
Proof. Let K ⊂ W 0 be a sublevel of φ 0 such that Crit(φ 0 ) ⊂ K. For sufficiently small , the Weinstein vector field Z is C 1 -close to Z 0 . Hence, by choosing a sublevel K ⊂ W such that K ⊂ K , we obtain an embedding i : (K, λ 0 , φ 0 ) → (K , λ , φ ), proving the first half of the theorem.
The critical points of φ in K converge to critical points of φ 0 as → 0. Let's analyze other critical points of φ . We now show that given any neighborhood U of S, the other critical points of φ lie in U for sufficiently small . Assume the contrary that there is a sequence {p m ∈ Crit(φ m )} such that as
There is a local holomorphic coordinates (z 0 , z) near p and a local trivialization 1 of L such that
As m → 0, it contradicts finiteness of ∂g/∂z 0 (p).
Moreover, the other critical points of φ can not wander off to B. Indeed, assume there is a sequence {p m ∈ Crit(φ m )} such that as m → 0, p m → p ∈ B. There is a local holomorphic coordinates (z 0 , z 1 , z 2 , z) and a local holomorphic trivialization 1 of
The first two equations imply that there exists C > 0 such that for sufficient small m , at
contradicting finiteness of ∂g/∂z 2 (p).
Having checked that the other critical points of φ must stay nearS and away from B, we proceed to prove the second half of the theorem. It is obvious that if a sequence {p m ∈ Crit(φ m )} converges to p ∈S, then p ∈ Crit(S). Conversely, we will show that for each p ∈ Crit(S), any sufficiently small neighborhood U of p satisfies φ | U has a unique critical point for sufficiently small . Let (z 0 , z 1 , z) be local holomorphic coordinates near p and local holomorphic trivialization 1 of L such that s = (z 0 z 1 + ) 1 . Denote by g = −log 1 2 . Let's consider the function
Since the derivative 
n , where a 2 , ..., a n ∈ C are generic. Then W and W 0 are Weinstein equivalent to T * RP n and C * × C n−1 . To see the first, consider the hypersurface F = {s + z 2 n+1 = 0} ⊂ CP n+1 . The Weinstein structure on F \{z n+1 = 0} can be identified with a Weinstein structure on T * S n , which is homotopic to the standard Weinstein structure on T * S n ( [12] ). There is a free Z 2 -action on F \{z n+1 = 0}:
the quotient of which can be identified with W . The corresponding Z 2 -action on T * S n gives the standard Weinstein structure on T * RP n .
The .. + a n z n z n , where a 1 , ..., a n ∈ C are generic. Then W and W 0 are Weinstein equivalent to T * CP n and C 2n . To see the first, consider the hypersurface F = {s + z n+1 z n+1 = 0} ∈ CP n+1 × CP n+1 . The Weinstein structure on F \{z n+1 z n+1 = 0} can be identified with a Weinstein structure on T * S 2n+1 , which is homotopic to the standard Weinstein structure on T * S 2n+1 . There is a free C * -action on F :
the quotient of which can be identified with W . The corresponding C * -action on T * S 2n+1 gives the standard Weinstein structure on T * CP n . The complement W 0 is X × C with subcritical Weinstein structure (i.e. the index of each critical point is strictly less than dim C W 0 ). All of the interesting symplectic topology lies in a neighborhood ofS D 0 \B inX.
The following proposition is a generalization of Example 3.2 and Example 3.3.
Proposition 3.5. Let E ⊂ T X|S be the ω-orthogonal complement of TS. Assume that the derivative of g = −log h 2 vanish in E. Then Crit(S) ⊂ Crit(φ ). Moreover, the vector field Z is tangent toS. As a consequence, the unstable submanifold of a critical point p of φ which lies in Crit(S) contains the unstable submanifold (lying inS) of p of φ |S.
Proof. The proof is straightforward from the following computation. InS, dlog|s 0 /h| 2 = 0. Thus since dg| E = 0, p ∈ Crit(S) implies that dφ (p) = 0, i.e. p is a critical point of φ . Since
The rest of the paper discusses about the unstable submanifold of p ∈ Crit(φ ) which corresponds to p ∈ Crit(S). Under special assumption, Proposition 3.5 implies that the unstable submanifold U p of p is a disc bundle over the unstable submanifoldŨ p lying inS of p. Example 3.6. Consider C n with coordinates (z 0 , z 1 , z) and
a pluri-subharmonic function. If p is a critical point of φ, then z 0 (p) = z 1 (p) = 0 and p is a critical point of ψ. Denote byŨ p ⊂ {z 0 = z 1 = 0} the unstable submanifold of p of ψ. Then the unstable submanifold
In X\h −1 (0), there is a fibration π : X\h −1 (0) → C, π := s 0 /h. Denote by
and vector field X given by i X ω = η .
Since we assume π −1 ( ) is smooth for small , the fibration induces a connection in X\(h −1 (0)∪ S) as follows: at each point z, define C z ⊂ T z X the subspace that is ω−orthogonal to the fiber π −1 (π(z)). Consider γ : [0, 1] → C : γ(t) = t. The connection induces a characteristic foliation on π −1 ((0, 1]). For any compact subset K ⊂S, we denote by D (K) the set of points in π −1 ((0, ]) which under the characteristic flow converge to points in K. Notice that {D (K)} is a nested sequence:
. This is a normal crossing generalization of the standard Lefschetz fibration picture in symplectic topology ( [12] ). The following lemma is crucial.
Lemma 3.7. For every , X is tangent to π −1 (0, ) and lies along the characteristic foliation.
Proof. Since i X ω = η , JX is tangent to the level sets |π| = C. In particular, dπ(JX ) is tangent to the circle |z| = C. Since π is holomorphic, dπ(X ) is perpendicular to the circle |z| = C. Thus, X is tangent to π −1 (0, ).
By definition of η , η (T π −1 (z)) = 0. Hence, X is ω−orthogonal to every fiber. Therefore, X must lie along the characteristic foliation.
Denote byŨ p the unstable submanifold (lying inS) of p ∈ Crit(S). We have the following theorem.
Theorem 3.8. Suppose p has critical index, i.e.Ũ p is a Lagrangian inS. Let K ⊂Ũ p be a compact ball containing p. Given a small neighborhood V ⊂ X of K, then for each sufficiently small , there exists a Weinstein homotopy that starts with (W , λ , φ ) and stays constant outside V such that the resulting Weinstein structure has in V a unique critical point coinciding with p and its unstable submanifold in K is D (K).
Proof. We first prove the case dim C X = 2.
In complex two dimensional case, S is a set of finitely many points. Let p ∈ S and K = {p}. Denote by D (p) := D (K), also called a thimble in the Lefschetz fibration π. Fix an 0 > 0 (we will later make a choice of sufficiently small 0 ). Since D 0 (p) is a Lagrangian disc, Weinstein Neighborhood Theorem implies its neighborhood is symplectomorphic to T * D 2 . This gives
In
Notice that Lemma 3.7 implies that D (p) is the unstable submanifold of Y . In fact, for sufficiently small δ > 0, the neighborhood
Since dλ − dξ = 0 and λ − ξ is a finite one form in V δ (although both λ and ξ blow up in D ∩ V δ ), we can find H : V δ → R such that λ − ξ = dH and H(p) = 0. This 1-formλ is ξ in {r < 0 /4} and is λ in {r > 0 /2}. Moreover, it is a primitive of ω
The following lemma is crucial.
Proof. Indeed, it is sufficient to check that Hdρ is 0 -uniformly bounded. Since H(p) = 0, there is C > 0 such that
Also C can be choosen so that
Hence on { 0 /4 < r < 0 /2}, we obtain |Hdρ| < C/2. Outside this region, by definition Hdρ = 0. Thus, Hdρ is 0 -uniformly bounded.
Lemma 3.9 implies that the Liouville vector fieldZ ofλ (i.e. iZ ω =λ ) satisfiesZ − X is 0 -uniformly bounded. Denoteφ := (1 − ρ)ψ + ρφ .
We will show that (W ,λ ,φ ) is a Weinstein structure when 0 and are sufficiently small. In {r < 0 /4}, it is the Weinstein structure (ξ , ψ ) while in {r > 0 /2}, it is the Weinstein structure (λ , φ ). Consider the region { 0 /4 < r < 0 /2}. Write
Since φ − ψ is a finite function in V δ with value 0 at p, a similar arguments as in Lemma 3.9 implies that (φ − ψ )dρ is 0 -uniformly bounded. Hence, dφ + dlog|π + | 2 is 0 -uniformly bounded. Now,
where the first term has order
0 and the later has order
if / 0 is sufficiently small . Therefore by choosing 0 sufficiently small and such that / 0 sufficiently small, we obtain thatZ is gradient-like with respect toφ .
To construct a homotopy of Weinstein structure from (W , λ , φ ) to (W ,λ ,φ ), consider the path of 1-forms (1 − t)λ + tλ and functions (1 − t)φ + tφ , where t ∈ [0, 1]. A similar argument as before show that they form a Weinstein structure in { 0 /4 < r < 0 /2}. In the region {r ≤ 0 /4}, unfortunately they are not. For example, the zero of the vector field may not be a critical point of the function. However, a similar argument as in Theorem 3.1 implies that for sufficiently small , there is a unique zero of (1 − t)λ + tλ and a unique critical point of (1 − t)φ + tφ in {r ≤ 0 /4}. Since −d c ψ = ξ and −dd c ψ = ω on D 0 (p), we also obtain
Choosing 0 sufficiently small, we can modify (1 − t)φ + tφ to make it a Weinstein structure with (1 − t)λ + tλ in {r ≤ 0 /4}.
Therefore in the case dim C X = 2, we obtain a Weinstein homotopy from (W , λ , φ ) to (W ,λ ,φ ) which satisfies: Crit(S) ⊂ Crit(φ ) and the unstable submanifold p ∈ Crit(S) is D (p).
In higher dimensional case, the proof is similar. Let K be a compact ball inS containing p. Since K is a Lagrangian inS and X preserves ω, D 0 (K) is Lagrangian in X. For sufficiently small 0 , D 0 (K) is a two-disc bundles over K.
Choose coordinates (u 1 , v 1 , u 2 , v 2 , ..., u n , v n ) in a neighborhood of K so that
• the symplectic form ω = du 1 
The coordinate defines a projection π K from the neighborhood toS. Define ξ :
. Notice that dξ = ω. The Liouville vector field Y of ξ is given by
where Z S is the Weinstein vector field of (S, λ |S, φ |S) and is independent of .
Since V δ is contractible, we can similarly construct H : V δ → R such that λ − ξ = dH such that H| V δ ∩S = 0. Let f :S → R such that f has compact support in a neighborhood of K. Let ρ be the cutoff function as before except that we also multiply it with π * K f . The 1-form Hdρ = 0 along V δ ∩S and hence can be arbitrarily small along the horizontal directions , (i.e. the (u 3 , v 3 , ..., u n , v n )− directions) if δ is sufficiently small. Also, as is proven in the lower dimensional case, Hdρ is 0 -uniformly bounded along the vertical directions (i.e. the (u 1 , v 1 , u 2 , v 2 )− directions). This enables us to adapt the proof of the case dim C X = 2 to higher dimensional case.
The following corollaries are immediate.
Corollary 3.10. Given K ⊂Ũ p some sublevel inS, for sufficiently small , there is a Weinstein homotopy of (W , λ , φ ) to (W ,λ ,φ ) such that the unstable submanifold of p in some regular sublevel {φ ≤ C} is D (K) ∩ {φ ≤ C}. Outside V δ (where the Weinstein homotopy stays constant), it is well-known that Z is outwardly transversal to Y . Inside V δ , from the construction, it is sufficient to check that the vector field X is outwardly transversal to Y . Recall that X lies in the ω-orthogonal connection induced by the holomorphic map π = s 0 /h. The vector field dπ(X ) is perpendicular to circles with center in C. The property of Φ implies that when r 0 is sufficiently small, dπ(X ) is ∂/∂r) (in particular, ∂C t = Γ ∪ L t ). We capθ([0, t] × S 1 ) with C 0 and C t to obtain a (torus) cycle C in X. In fact C lies in the complement of D 0 , where ω is exact. It follows that C ω = 0 and thus [0,t]×S 1θ * ω = 0 holds. Therefore, L 1 is Hamiltonian isotopic to L 0 .
